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Abstract: In this paper we construct a light-like polygonal Wilson loop in N = 6
superspace for ABJM theory. We then use it to obtain constraints on its two- and
three-loop bosonic version, by focusing on higher order terms in the θ expansion.
The Grassmann expansion of the three-loop answer contains integrals which may be
elliptic polylogarithms. Our results take their simplest form when expressed in terms
of OSp(6|4) supertwistors.
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1 Introduction
The fact that a certain operator or observable can be supersymmetrized often has
important consequences. Even for an observable which is not supersymmetric but
admits a supersymmetric completion it can be useful to consider it. An early ex-
ample of the usefulness of supersymmetry for a non-supersymmetric quantity is the
argument of ref. [1] which uses supersymmetry to show that some tree-level helicity
amplitudes in Yang-Mills theory vanish. Then Parke and Taylor used supersym-
metry to simplify the computations of some non-vanishing helicity amplitudes (see
refs. [2–4]).
The observables we will consider in this paper are light-like polygonal Wilson
loops in ABJM theory [5] (see also refs. [6–12] for earlier related work). The ABJM
theory is a theory of two Chern-Simons gauge connections interacting with fermions
and scalars in bifundamental representations. It is a superconformal theory with
symmetry group OSp(6|4). It is therefore natural to build observables which are
invariant under this superconformal symmetry.
The shape of a general Wilson loop changes in a complicated way under con-
formal transformations. The shape of a polygonal light-like contour transforms in
a much simpler way which makes it more attractive to study (see however ref. [13],
where a general Wilson loop shape is considered).
In pure Chern-Simons theory, appropriately regularized (framed) Wilson loops
yield topological invariants. When adding matter fields, like in the ABJM theory, the
Wilson loops start depending on the shape of their contour in a more complicated
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way. In Yang-Mills theory, the Wilson loop require a non-trivial renormalization
as explained in refs. [14, 15] for the Euclidean signature and later in ref. [16] for
Lorentzian signature. If the contour of a Wilson loop in Chern-Simons theory has
continuous third derivatives, the one-loop perturbative correction is finite (see for
example ref. [17]) but not topological invariant.
When introducing singularities, and just like their Yang-Mills counterpart, the
ABJM light-like Wilson loops become UV-divergent and these UV divergences break
the conformal symmetry (see ref. [18]1). In the following we will focus on the finite
parts. As a rule, the UV-divergent terms, after regularization, depend on the kine-
matics in relatively simple ways. Therefore, by focusing on the parts which are not
UV divergent we capture the richest dependence on the kinematics.
After supersymmetrization a further complication appears: the right notion of
light-like line is not one-dimensional anymore, but it has one bosonic dimension and
several fermionic dimensions (see ref. [20]). In fact, the equations of motion of some
gauge theories with extended supersymmetry are equivalent to the flatness of the
field strength on such light-like lines. Despite these complications a super-Wilson
loop can be constructed following the same steps as in ref. [21] and we do so in
sec. 4.
In four dimensions, for N = 4 super-Yang-Mills, a similar construction was done
in chiral superspace in refs. [22, 23]. This construction is remarkable because of the
duality with scattering amplitudes, which was uncovered in a series of papers [24–32].
Later, in ref. [33], Caron-Huot considered a nonchiral version of the super-Wilson
loop, but he only considered it to the lowest order in the non-chiral variables θ¯. By
computing the terms of type θiθ¯j where the θi, θ¯j correspond to different vertices
2 of
the super-Wilson loop, he was able to compute the symbol (see [34]) of the two-loop
planar n-sided bosonic Wilson loop.
It is our objective in this paper to render this procedure more systematic on
the example of ABJM super-Wilson loops. Our focus is on the construction of null
polygonal supersymmetric Wilson loops; however, in principle there should be no
obstruction to defining a smooth supersymmetric Wilson loop, as done in ref. [13]
for N = 4 super Yang–Mills.
2 General discussion
We consider an N = 6 Chern-Simons theory in three dimensions, coupled to matter,
with gauge covariant derivatives:
∇µ = ∂µ + Aµ, ∇IJ,α = DIJ,α + AIJ,α, (2.1)
1Dimensional regularization in Chern–Simons is subtle, ee [19] for a detailed analysis.
2In fact, it turns out to be better to consider odd variables associated to the sides instead.
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where α is a spinor index transforming in the two-dimensional spin representation of
the three-dimensional Lorentz group SO(1, 2) ≃ SL(2,R) and the indices I, J take
four values and transform in the representation 4 of SU(4) when in the lower position
and in 4 when in the upper position. The supersymmetry covariant derivative DIJ
is antisymmetric in the pair of indices IJ and is given by
DIJ,α =
∂
∂θIJ,α
+ (γµθ¯IJ)α∂µ, (2.2)
where θIJ are the odd coordinates of N = 6 superspace. Here the covariant deriva-
tives and gauge connections transform as (Ad,Ad) under U(N)×U(M) gauge group.
They can be thought of as (N +M)× (N +M) matrices with vanishing off-diagonal
N × M and M × N blocks. The θ¯ are not independent on θ but are related by
θ¯IJ =
1
2
ǫIJKLθ
KL.
Using
∂α,IJ θ¯
β
KL =
1
2
ǫKLMN∂α,IJθ
β,MN =
1
2
ǫKLMNδ
β
α(δ
M
I δ
N
J − δMJ δNI ) = ǫIJKLδβα, (2.3)
we find
{DIJ,α, DKL,β} = 2ǫIJKLγµαβ∂µ. (2.4)
From now on we will use the notation ∂αβ ≡ γµαβ∂µ. Under hermitian conjugation
we have ∂† = −∂, D†IJ = 12ǫIJKLDKL. The gauge covariant derivatives have the
same hermitian conjugation properties as the supersymmetry covariant derivatives
so we obtain A†µ = −Aµ, (AIJ)† = 12ǫIJKLAKL. We use conventions such that for two
Grassmann variables ψ, χ we have (ψχ)† = −χ†ψ† and similarly for the transposition.
This explains the absence of some factors of i which often appear in the literature
on supersymmetry.
The analysis of the superspace constraints for the N = 6 and N = 8 super-
Chern-Simons theories has been done in refs. [35, 36]. The gauge covariant derivatives
satisfy the following algebra
{∇IJ,α,∇KL,β} − 2ǫIJKL∇αβ = ǫαβǫMIJ [KWML] ≡ FIJα,KLβ, (2.5)
[∇IJ,α,∇βγ] ≡ FIJα,βγ, (2.6)
[∇αβ,∇γδ] ≡ Fαβ,γδ. (2.7)
In the first equation above we have already imposed some constraints (the
discussion follows closely the refs. [35, 36] but with some change in conventions).
Let us study the representations under the Lorentz SL(2) and R-symmetry SU(4)
groups. The LHS transforms as (2, 6) ⊗S (2, 6) = (3, 1) ⊕ (1, 15) ⊕ (3, 20′) un-
der SL(2)× SU(4).3 We have already imposed the conventional constraint that the
3There are several conventions for naming the SU(4) representations. Here we use the conven-
tions 20′ ≃ , 20 ≃ , 20 ≃ .
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(3, 20′) part vanishes. According to the analysis in refs. [35, 36] the inclusion of terms
transforming as (3, 20′) is only needed when studying higher derivative corrections.
The traceless field W IJ transforms as 15 of SU(4). Under hermitian conjugation it
transforms as (W IJ)
† = W JI . Later we will show that it is not an independent field,
but it is a composite of the matter fields charged under the Chern-Simons gauge
group. Another way to write the tensor W is as WIJ,KL, which is antisymmetric in
(I, J), (K,L) and in the exchange of the pairs (I, J) and (K,L). The relation to the
previous form is given by W PL = −12ǫIJKPWIJ,KL.
The Bianchi identity involving three covariant derivatives∇IJα, ∇KLβ and∇MNγ
yields
ǫKLMNFIJα,βγ +
1
2
ǫβγǫPKL[M |[∇IJα,W P|N ]] + cyclic{(IJα), (KLβ), (MNγ)} = 0.
(2.8)
This imposes some constraints on the derivatives of the W superfield. In order
to extract these constraints let us contract this equation with ǫKLMN . After the
contraction we obtain
24FIJα,βγ+4FIJγ,αβ+4FIJβ,γα+ ǫαβ× (· · · )γ+ ǫβγ× (· · · )α+ ǫγα× (· · · )β = 0, (2.9)
where we have indicated some of the terms only schematically. This implies that the
completely symmetric part (or spin 3
2
under SL(2)) vanishes separately, that is
FIJα,βγ + FIJγ,αβ + FIJβ,γα = 0, (2.10)
which can be solved as
FIJα,βγ =
1
3
(
ǫαβF
δ
IJ ,γδ + ǫαγF
δ
IJ ,βδ
)
. (2.11)
If after contracting with ǫKLMN we further contract with ǫαβ , we finally obtain
F αIJ γα =
3
5
[∇P [I|γ,W P|J ]]. (2.12)
From this one can reconstruct the field strength FIJα,βγ. Plugging back into the
Bianchi identity we find a constraint uniquely between the derivatives ∇IJWKL.
These quantities transform as 6 ⊗ 15 = 6 ⊕ 10 ⊕ 10 ⊕ 64 under SU(4). The
constraint mentioned above forces the 64 part to vanish. Therefore, the derivative
of W has a special form
[∇IJα,WKL] = δK[I|λα|J ]L +
1
4
δKL λαIJ + δ
K
[I|ρα|J ]L −
1
2
ǫIJLN ρ¯
KN
α , (2.13)
where λIJ transforms in the 6 of SU(4) while ρIJ , ρ¯
IJ transform in the 10 and 10
respectively. The form for the derivative ofW is fixed by the SU(4) transformations,
the tracelessness of W and reality conditions.
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Using the special form of [∇,W ] we can easily compute
[∇P [I|α,W P|J ]] =
5
4
λαIJ , [∇P (I|α,W P|J)] =
3
2
ραIJ . (2.14)
Also,
FIJα,βγ =
1
4
ǫαβλγIJ +
1
4
ǫαγλβIJ . (2.15)
The second Bianchi identity, between derivatives ∇αβ, ∇IJγ and ∇KLδ gives the
field strength Fαβ ≡ ǫγδFαγ,βδ in terms of covariant derivatives of W . This is in fact
the equation of motion for F and we will return to it later, after we express W in
terms of fundamental fields.
It can be shown that the remaining Bianchi identities do not impose extra con-
ditions. Therefore, we have finished the analysis of the gauge sector and we now
move on to analyzing the matter sector. The matter fields are organized in two
kinds of superfields: scalar ΦI transforming in 4 of SU(4) and ΨIα transforming in
4. We take these matter superfields to transform as (N,M) under the gauge group
U(N) × U(M). The hermitian conjugate fields Φ¯I = (ΦI)†, Ψ¯I = (ΨI)† transform
as (M,N). In terms of algebra generators, the gauge fields have components in the
diagonal blocks while the matter fields have components in the off-diagonal blocks.
The derivative [∇IJα,ΦK ] transforms in 4⊗6 = 4⊕20. We impose the constraint
that 20 component vanishes. In turn, this constrains the form of W as we will show.
We take
[∇IJα,ΦK ] = δK[IΨJ ]α. (2.16)
If we apply to this equation ∇KLβ and we use the anticommutation relations derived
previously, we find
δP[I|{∇KLβ,Ψ|J ]α}+ (IJα)↔ (KLβ) = 2ǫIJKL[∇αβ,ΦP ] + ǫαβǫMIJ [K|[WM|L],ΦP ].
(2.17)
If we contract with ǫαβǫIJKN we find the constraint
[W
(I
J ,Φ
K)] =
1
5
δ
(I
J [W
K)
N ,Φ
N ]. (2.18)
This is equivalent to the statement that the 36 in the decomposition 15 ⊗ 4 =
4⊕ 20⊕ 36 of [W IJ ,ΦK ] is set to zero.
The constraint in eq. (2.17) relates the fermionic derivative of the spinor super-
field to the derivative of the scalar superfield and the commutator [W,Φ]. In order to
find the content of this constraint, we project the LHS and RHS onto the irreps (4, 1),
(4, 3), (20, 1) and (20, 3). Combining these projections with appropriate coefficients
we find
{∇IJα,ΨKβ} = −4ǫIJKL∇αβΦL + 1
2
ǫαβǫMIJL[W
M
K ,Φ
L]− 3
10
ǫαβǫMIJK [W
M
L,Φ
L].
(2.19)
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Now we want to express W in terms of the fields in our theory. Given the
dimension of W , its R-symmetry transformations, its tracelessness, its hermiticity
properties and the constraint in eq. (2.18), the answer is heavily constrained. The
choice which yields the ABJ theory [37] is
W IJ =
1
g
(
ΦIΦ¯J − 1
4
δIJΦ
KΦ¯K + Φ¯JΦ
I − 1
4
δIJΦ¯KΦ
K
)
. (2.20)
The first two terms in W transform as the adjoint of U(N) while the last two trans-
form as the adjoint of U(M). In order to obtain the ABJM theory we set N = M .
Also, the coupling constant g is quantized such that the exponential of the action
eiS is gauge invariant. We will fix the coupling constant later when we discuss the
Lagrangian of the theory.
Let us now write the equations of motion of the theory. The equation of motion
for the field strength is obtained from the Bianchi identity of ∇αβ , ∇IJγ and ∇KLδ.
Before we write the equation of motion we should recall that we have two gauge
groups: U(N) with gauge field A and U(M) with gauge field A˜. Therefore, we have
two field strengths, F and F˜ . The equations of motion for the gauge fields are:
Fαγ =
1
4g
([∇αγ ,ΦI]ΦI − ΦI [∇αγ,ΦI]− 1
4
ΨI(αΨ
I
γ)
)
, (2.21)
F˜αγ = − 1
4g
([∇αγ ,ΦI]ΦI − ΦI [∇αγ ,ΦI]− 1
4
Ψ
I
(αΨIγ)
)
. (2.22)
The equations of motion for the fermions are obtained from the Bianchi identity
for ∇IJα, ∇KLβ and ΨMγ. We obtain
ǫβγ [∇αβ ,ΨIγ] = Φ
JΦIΨJα
4g
−Φ
JΦJΨIα
8g
+
ΨIαΦJΦ
J
8g
−ΨJαΦIΦ
J
4g
+
ǫIJKL
(
ΦJΨ
K
α Φ
L
)
4g
.
(2.23)
Finally, the equation of motion for the scalars can be determined from the equa-
tion of motion for the fermions, by taking the anticommutator of the fermion equation
of motion with ∇LPγ, multiplying by ǫαγǫLMPQ and using the Jacobi identities and
the constraints. We obtain
ǫαβ
′
ǫα
′β
[∇αα′ , [∇ββ′,ΦQ]] = ǫ
αα′
(
ΦI Ψ
Q
α ΨIα′
)
16g
−
ǫαα
′
(
ΦQ Ψ
I
α ΨIα′
)
32g
+
ǫαα
′
ǫIJKQ
(
ΨIα ΦJ ΨKα′
)
16g
+
ǫαα
′
(
ΨIα Ψ
I
α′ Φ
Q
)
32g
−
ǫαα
′
(
ΨIα Ψ
Q
α′ Φ
I
)
16g
+
ΦI ΦI Φ
J ΦJ Φ
Q
32g2
− Φ
I ΦI Φ
Q ΦJ Φ
J
16g2
− Φ
I ΦJ Φ
J ΦI Φ
Q
16g2
+
ΦI ΦJ Φ
Q ΦI Φ
J
8g2
+
ΦQ ΦI Φ
I ΦJ Φ
J
32g2
− Φ
Q ΦI Φ
J ΦJ Φ
I
16g2
. (2.24)
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These equations of motion can be obtained from the Lagrangian4
LABJM = − tr([∇µ,ΦI ][∇µ, Φ¯I ]) + i
8
tr(Ψ¯αI [∇αβ ,ΨβI ])−
4gǫµνλ tr
(
Aµ∂νAλ +
2
3
AµAνAλ − A˜µ∂νA˜λ − 2
3
A˜µA˜νA˜λ
)
− Vbos + LYuk, (2.25)
where
Vbos =
1
192g2
tr
(
ΦIΦIΦ
JΦJΦ
KΦK + Φ
IΦJΦ
JΦKΦ
KΦI+
4ΦIΦJΦ
KΦIΦ
JΦK − 6ΦIΦKΦJΦJΦKΦI
)
,
LYuk = − ǫ
αβ
64g
tr
(
− ǫIJKLΦI ΨJα ΦK ΨLβ + ǫIJKLΦI ΨJα ΦK ΨLβ+
2ΦI Φ
J Ψ
I
α ΨJβ + Φ
I ΦI ΨJα Ψ
J
β − 2ΦI ΦJ ΨIα Ψ
J
β − ΦI ΦI Ψ
J
α ΨJβ
)
.
We could rescale the fields Φ → g1/2Φ and Ψ → g1/2Ψ to pull the coupling
constant g in front of the Lagrangian.
The gauge part of the action can also be written in spinor language as
1
2
ǫαα
′
ǫβδǫγβ
′
Aα′β′
(
∂αβAγδ +
2
3
AαβAγδ
)
= ǫµνλ tr
(
Aµ∂νAλ +
2
3
AµAνAλ
)
. (2.26)
The first form is closer to the language we’ve been using so far, but the second
form is used to find the quantization condition on the coupling. The quantization
of the Chern-Simons coupling is a consequence of the gauge non-invariance of the
Lagrangian. It can be checked that under a gauge transformation Aµ → A′µ =
g−1Aµg + g
−1∂µg we have
δgauge
(
ǫµνρ tr(Aµ∂νAρ +
2
3
AµAµAρ)
)
=
∂ρ
(
ǫµνρ tr(Aµ∂νgg
−1)
)− 1
3
ǫµνρ tr(g−1∂µgg
−1∂νgg
−1∂ρg). (2.27)
The first term is a total derivative which we will ignore. The integral of the second
term is quantized (it is an integer multiple of 8π2). In order for the exponential of
the action to be gauge invariant, we need to choose a global coupling of k
4pi
, where
k is an integer (at the same time, we need to pick an appropriate normalization5 of
the gauge generators, which for SU(N) is tr(T aT b) = −1
2
δab).
We should mention that these properties of the Chern-Simons Lagrangian dis-
tinguish it from the N = 4 super-Yang-Mills Lagrangian in four dimensions. For
4Actually this Lagrangian is a superfield whose lowest component is the actual Lagrangian.
5We choose the generators of the gauge algebra T a to be antihermitian. This choice eliminates
some factors of i from the action.
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N = 4 super-Yang-Mills, the on-shell Lagrangian can be written as a descendant of
a protected operator (see ref. [38]). Because of the gauge non-invariance, this can
not work here. Presumably this makes it more challenging to use supersymmetry
to simplify perturbative computations as has been done for example in ref. [39]. In
planar N = 4 super-Yang-Mills, polygonal light-like Wilson loops can also be com-
puted by taking limits of correlation functions of BPS operators, as has been shown
in ref. [40]; the analogous analysis for ABJM has been studied in ref. [41].
Now we can work out the components of the gauge connections. In order to
eliminate the auxiliary fields we use the Harnad & Shnider gauge (see ref. [42])
θIJαAIJα = 0. Using this gauge condition and the symmetry of the gamma matrices
have that D ≡ 1
2
θIJα∇IJα = 12θIJα∂IJα. Then, we obtain
(1 +D)AKLβ = 2θ¯
α
KLAαβ + ǫαβ θ¯
α
M [KW
M
L], (2.28)
DAβγ = −1
4
θIJ(β λIJ,γ), (2.29)
DΦK =
1
2
θKLαΨLα, (2.30)
DΦK =
1
2
θ¯αKLΨ
L
α, (2.31)
DΨKβ = −4θ¯αKL[∇αβ ,ΦL]−
1
2
θ¯MLβ [W
M
K ,Φ
L] +
3
10
θ¯MKβ[W
M
L,Φ
L], (2.32)
DΨ
K
β = 4θ
IK α
[∇αβ ,ΦI]+ 1
2
θIJβ
[
ΦI ,W
K
J
]
+
3
10
θIKβ
[
ΦJ ,W
J
I
]
. (2.33)
Now we can build the components of the connection in superspace by using the
D-recursion relations and the initial conditions Aαβ | = aαβ , ΦI | = φI , ΨIα| = ψIα,
AIJα| = 0. The θ expansion to the first few orders is
AKLβ = θ¯
α
KLaαβ +
1
8g
ǫβαθ¯
α
KLφ
P φ¯P +
1
2g
ǫβαθ¯
α
M [Kφ
M φ¯L] + · · · , (2.34)
Aβγ = aβγ − 1
4g
(
θIJ(β ψI|γ)φ¯J + θ¯IJ(βφ
Iψ¯Jγ)
)
+ · · · , (2.35)
where we have only written the part of the gauge connection transforming in the
adjoint of U(N); the part transforming in the adjoint of U(M) is similar.
Let us list the form of the field strengths
FIJα,KLβ = ǫαβǫMIJ [KW
M
L], (2.36)
FIJα,βγ =
1
3
(
ǫαβF
δ
IJ ,γδ + ǫαγF
δ
IJ ,βδ)
)
, (2.37)
Fαβ,γδ = −1
4
(ǫαγFβδ + ǫβδFαγ + ǫβγFαδ + ǫαδFβγ). (2.38)
It is easy to see that if δxαβ = tλαλβ and δθ
IJ,α = λαηIJ , then the field strengths
vanish when contracted with δx and δθ. What about the converse statement? That
– 8 –
is, given the flatness conditions on such submanifolds, do they imply the constraints
and the equations of motion? This is not true. One missing constraint is the one
in eq. (2.18), which arises in the matter sector. Another missing constraint is the
constraint that W transforms in 15 of SU(4).
It would be interesting to look for a formulation where all the equations of motion
arise from flatness conditions on some some submanifolds of superspace which are
well-behaved under superconformal transformations. A way to search for such a
formulation is to look at the flag manifolds of C4|6 which is a space with a natural
action of the superconformal group OSp(6|4) (see refs. [43, 44] for the description of
the general theory). A promising choice seems to be the flag C2|3 ⊂ C4|6 which is
also distinguished by the fact that it does not have supersymmetric torsion, just like
chiral superspaces.
Such a formulation, if it exists, would be the basis of a twistorial formulation of
ABJM theory and would probably be a good starting point for studying the dual
of ABJM scattering amplitudes. The N = 4 super-Yang-Mills scattering ampli-
tudes enjoy a Yangian symmetry (see ref. [45]) and the same holds for the ABJM
scattering amplitudes (see ref. [46, 47]). However, at strong coupling the fate of
the Yangian symmetry is less clear [48, 49]. See also ref. [50] for a study of the
Wilson-loop/scattering amplitudes duality in ABJM theory at four points, where
the tree-level scattering amplitude is factored out.
3 Superwistors for OSp(6|4)
In this section we introduce OSp(6|4) supertwistors. We take xαβ to be a 2 × 2
matrix and θIJα to be a 2 × 6 matrix. When we write products of x and θ the
matrix product is understood. The contraction θ̟θT is defined with the help of
the SU(4) ǫ tensor: (θ̟θT )αβ =
1
4
θIJα ǫIJKLθ
KL
β . As a rule, whenever we contract
two antisymmetric indices we include a factor of 1
2
to prevent double counting. For
example, ̟θ is a shorthand notation for 1
2
ǫIJKLθ
KL. Notice that the 2 × 2 matrix
θ̟θT is antisymmetric.
We define x± = x± 1
2
θ̟θT . Then, given (x±, θ) we define two two-planes in C4|6
by
λ 7→ (λ, λx+, λθ) ≡ (λ, µ, χ) = Z, (3.1)
λ 7→

 −x−λTλT
−̟θTλT

 ≡

 µ˜λT
χ˜

 = Z¯. (3.2)
More properly, the second two-plane lives in the dual C4|6. Then we have
Z · Z¯ = λ(x+ − x− − θ̟θT )λT = 0, (3.3)
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which implies that the two two-planes are orthogonal. Said differently, the contrac-
tion is performed with a symplectic form which is antisymmetric. Under a supercon-
formal transformation h ∈ OSp(6|4) we have Z → Zh and Z¯ → h−1Z¯. Therefore,
simple superconformal invariants can be obtained by contraction Z · Z¯ ′.
A choice of Z, Z¯ such that Z · Z¯ = 0 yields a light-like line. If x±0 , θ0 is a
particular solution of the twistor equations such that x+0 − x−0 = θ0̟θT0 , then the
general solution is:
x+ = x+0 + ǫλ
T η̟θT0 + tǫλ
Tλǫ, (3.4)
x− = x−0 + θ0̟η
Tλǫ+ tǫλTλǫ, (3.5)
θ = θ0 + ǫλ
Tη, θT = θT0 − ηTλǫ, (3.6)
x = x0 + tǫλ
Tλǫ+
1
2
(ǫλTη̟θT0 + θ0̟η
Tλǫ), (3.7)
where ǫ is a 2 × 2 antisymmetric matrix such that ǫ2 = −1. Therefore, we see
that a light-like line has dimension (1|6). The translations along this “fat” line are
generated by the following vector fields
ǫλTλǫ
∂
∂x
, (3.8)
ǫλT η
∂
∂θ
+
1
2
ǫλT η̟θT
∂
∂x
+
1
2
θ̟ηTλǫ
∂
∂x
= ǫλTη
(
∂
∂θ
+̟θT
∂
∂x
)
, (3.9)
where we have used the fact that x is symmetric as a matrix. Above, we recognize
the SUSY covariant derivative D.
Let us introduce the bosonic and fermionic vielbeine. The total derivative in
variables (x, θ) is given by
d = dθ · ∂
∂θ
+ dx · ∂
∂x
, (3.10)
where · stands for total contraction of indices. This total derivative can also be
written as
d = eB · ∂
∂x
+ eF ·D, (3.11)
where D is the fermionic SUSY covariant derivative. Identifying terms we obtain
eB = dx− 1
2
dθ̟θT +
1
2
θ̟dθT , eF = dθ, (3.12)
where we have symmetrized eB since it is contracted with a symmetric tensor.
Two light-like lines given by (Z, Z¯) and (Z ′, Z¯ ′) respectively, intersect if Z ·Z¯ ′ = 0
and Z ′ · Z¯ = 0. We also have Z · Z¯ = 0 and Z ′ · Z¯ ′ = 0, as explained above.
The considerations above also lead to a natural definition of supersymmetry
invariant distance between points (xi, θi) and (xj , θj)
∆xij = x
+
i − x−j − θi̟θTj , (3.13)
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which is such that Zi · Z¯j = λi∆xijλTj . Taking into account that (∆xij)T = −∆xji,
we find that Zi · Z¯j = −Zj · Z¯i. There are other ways to define intervals which are
invariant under super-Poincare´ transformations. They all differ by nilpotent terms.
The ∆xij defined above is the three-dimensional counterpart of a chiral–antichiral
interval. It has the peculiarity that ∆xij 6= −∆xji.
We can define another super-Poincare´ invariant interval δxij which is such that
δxij = −δxji by taking
δxij =
1
2
(∆xij −∆xji) = xi − xj − 1
2
θi̟θ
T
j +
1
2
θj̟θ
T
i . (3.14)
We also have δxTij = δxij .
The configuration of pairwise light-like separated points in superspace can be
given as a sequence of twistors Zi, Z¯i such that Zi · Z¯i = 0, Zi · Z¯i±1 = 0. We solve
for xi, θi from the components of Zi and Z¯i. Using
µi = λix
+
i , µi+1 = λi+1x
+
i , (3.15)
µ˜i = −x−i λTi , µ˜i+1 = −x−i λTi+1, (3.16)
χi = λiθi, χi+1 = λi+1θi, (3.17)
we find
x+i =
ǫλTi+1µi − ǫλTi µi+1
λiǫλTi+1
, (3.18)
x−i =
µ˜iλi+1ǫ− µ˜i+1λiǫ
λiǫλTi+1
, (3.19)
θi =
ǫλTi+1χi − ǫλTi χi+1
λiǫλ
T
i+1
. (3.20)
Geometrically, these equations describe the point (xi, θi) as the intersection of two
light-like lines represented by (Zi, Z¯i) and (Zi+1, Z¯i+1), respectively.
It is easy to show that
θi − θi+1 = ǫλTi+1ηi+1, (3.21)
where
ηi =
〈i− 1i〉χi+1 + 〈ii+ 1〉χi−1 + 〈i+ 1i− 1〉χi
〈i− 1i〉〈ii+ 1〉 (3.22)
and 〈ij〉 = λiǫλTj .
In order to compute the distance squared (∆xij)
2 we first compute the matrix
elements
λi∆xijλ
T
j = Zi · Z¯j, λi∆xijλTj+1 = Zi · Z¯j+1, (3.23)
λi+1∆xijλ
T
j = Zi+1 · Z¯j, λi+1∆xijλTj+1 = Zi+1 · Z¯j+1. (3.24)
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From this we find that
− (∆xij)2 = det∆xij = (Zi · Z¯j)(Zi+1 · Z¯j+1)− (Zi · Z¯j+1)(Zi+1 · Z¯j)〈ii+ 1〉〈jj + 1〉 . (3.25)
Above we mentioned that ∆xij 6= −∆xji. However, for a light-like interval
∆xi,i+1 = ∆xi+1,i due to (θi − θi+1)̟(θi − θi+1)T = 0. As a consequence ∆xi,i+1 =
δxi,i+1.
Not all the quantities we will encounter can be expressed only in terms of twistors
since they are not conformal invariant. For writing down quantities which are Lorentz
but not conformal invariant we introduce an “infinity” twistor I, which is such that
ZiIZ¯j = 〈ij〉, str(XiI) = −2〈ii + 1〉. In terms of (4|6)× (4|6) matrices the infinity
twistor is
I =

0 ǫ 00 0 0
0 0 0

 . (3.26)
This infinity twistor is also preserved (that is commutes with) the Poincare´ super-
symmetry. Conformal inversion acts as X → ΥXΥ, where
Υ =

0 1 01 0 0
0 0 1

 . (3.27)
The zero twistor, which is obtained by setting x = 0, θ = 0 is obtained from the
infinity twistor I by inversion.
We are also interested in parametrizing the light-like segment between points
with coordinates (xi, θi) and (xi+1, θi+1). A point represented by the two pairs of
twistors (Zi+1, Z¯i+1) and (αZi + βZi+2, αZ¯i + βZ¯i+2) with α = (1 − τ)〈i+ 2, i+ 1〉,
β = τ〈ii + 1〉 lies on the segment (i, i + 1). First of all, notice that these two pairs
of twistors parametrize intersecting light-like lines since Zi+1 · (αZi + βZi+2) = 0.
Then, solving for x±, θ we find x± = (1− τ)x±i + τx±i+1, θ = (1− τ)θi + τθi+1 which
also implies that x = (1 − τ)xi + τxi+1. Then we compute the vielbeine along this
curve and we obtain6
eB = dτ(xi+1 − xi − 1
2
θi+1̟θ
T
i +
1
2
θi̟θ
T
i+1) = dτδxi+1,i = dτǫλ
T
i+1λi+1ǫ, (3.28)
eF = dτ(θi+1 − θi) = dτǫλTi+1ηi+1. (3.29)
There is an obvious ambiguity in parametrizing a point xi as the intersection
of two light-like lines since one can choose some other light-like lines with the same
6The formula for eB implicitly contains a choice of normalization for λi+1. The expression which
is invariant under rescaling is given by eB =
(IZ¯i+1)(Zi+1I)
〈ii+1I〉〈i+1i+2I〉 (Zi · Z¯i+2), where we have written all
the infinity twistors explicitly 〈ii + 1I〉 = 〈ii + 1〉 to show that eB is invariant also under the
rescaling of the infinity twistor. In the following we will assume that the λi have been normalized
such that the bosonic vielbein on side i is given by eB = ǫλ
T
i+1λi+1ǫ.
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intersection. Instead of using the lines determined by (Zi, Z¯i) and (Zi+1, Z¯i+1), we can
choose the lines determined by (Z ′i, Z¯
′
i) and (Z
′
i+1, Z¯
′
i+1), where the primed quantities
are determined from the unprimed ones by a 2× 2 matrix. However, the quantity7
Xi = Z¯i ⊗ Zi+1 − Z¯i+1 ⊗ Zi (3.30)
remains unchanged up to a rescaling by the determinant of the 2× 2 transformation
matrix. In order to make quantities which are independent on the scaling we have to
make sure that these determinant factors cancel. For example, the ratio Xi/〈ii+ 1〉
is invariant under rescaling.
Using the fact that λTi ⊗ λi+1 − λTi+1 ⊗ λi = ǫ〈ii+ 1〉, which can be obtained by
considering contractions with ǫλTi and ǫλ
T
i+1 at the right, we find
Xi
B
A = 〈ii+ 1〉

 −x
−
i ǫ −x−i ǫx+i −x−i ǫθi
ǫ ǫx+i ǫθi
−̟θTi ǫ −̟θTi ǫx+i −̟θTi ǫθi

 . (3.31)
The (4|6)× (4|6) matrix Xi is such that (Xi)2 = 0 and strXi = 0.
From the definition it is clear that under superconformal transformations h ∈
OSp(6|4) a matrix X transforms as X → hXh−1. Then, given two points Xi, Xj,
we can construct an invariant strXiXj . Explicit computation yields
strXiXj = 2〈ii+ 1〉〈jj + 1〉 det∆xij = −2〈ii+ 1〉〈jj + 1〉(∆xij)2. (3.32)
A three-point invariant is given by
str(XiXjXk)
〈ii+ 1〉〈jj + 1〉〈kk + 1〉 = tr(ǫ∆xijǫ∆xjkǫ∆xki), (3.33)
which is a supersymmetrization of ǫµνρx
µ
ijx
ν
jkx
ρ
ki ∼ ǫµνρxµi xνjxρk.
So far have taken Z and Z¯ to have complex components. However, the OSp(6|4)
elements are represented by (4|6) × (4|6) supermatrices with real entries. We want
the matrix Xi/〈ii+1〉 to have real entries. This does not mean that the components
of the twistors Z should be real. In fact, some of them have to be imaginary in order
for the Wilson loop to close.
Later we will compute perturbative corrections to a polygonal light-like Wilson
loop in superspace. This is a sum of diagrams with gluon and matter exchanges
between the sides of the polygon and interaction vertices which are integrated over.
There are several ways to parametrize the sides. We can take
X(τ) = (1− τ) Xi〈ii+ 1〉 + τ
Xi+1
〈i+ 1i+ 2〉 , (3.34)
7Writing the indices explicitly this becomes Xi
B
A = Z¯i,AZ
B
i+1 − Z¯i+1,AZBi . Note that the
fermionic components of Zi and Zi+1 do not commute and the order is important.
– 13 –
where τ ∈ [0, 1]. This parametrization is arranged such that str(X(τ)I) = 1. Then,
the parts in the denominator of the propagator which involve the infinity twistor
cancel out, but the rest of the terms become more complicated (and still depend on
the infinity twistor). Another parametrization we can choose is8
X(t) = Xi + tXi+1, (3.35)
with t ∈ [0,∞).
Some of the diagrams contain integration over the space-time. Even though we
will not consider in detail such diagrams in this paper, it is useful to work out the
twistor representation of the integration measure. The superconformal integration
measure in variables (x, θ) can be obtained as follows. To the point in superspace
with coordinates (x, θ) we can associate two supertwistors (ZA, ZB) (here A and B
are labels, not components of the a twistor Z). The over-lined versions of these
supertwistors are not independent but can be obtained by transposition followed
by multiplication by a constant matrix. These supertwistors satisfy the constraints
ZA · Z¯A = 0, ZA · Z¯B = 0, ZB · Z¯A = 0 and ZB · Z¯B = 0. The only independent
nontrivial constraint is ZA · Z¯B = 0. The choice of (ZA, ZB) is not unique; any other
choice obtained by a GL(2) transformation yields the same point in superspace.
Moreover, the GL(2) transformations preserve the constraint. Therefore, we need to
divide by the action of this group. Using these ingredients we get
d3|12X =
d4|6ZAd
4|6ZB
vol(GL(2))
δ(ZA · Z¯B). (3.36)
More precisely, the measure d4|6ZAd
4|6ZBδ(ZA · Z¯B) is invariant under SL(2) but
not under the GL(2). In order to study the invariance under a global rescaling X →
λX we can rescale ZA → λZA and leave the ZB invariant. Then, d4|6ZA → λ−2d4|6ZA
and a further contribution from δ produces a factor of λ−3. Then we have that
d3|12X → λ−3d3|12X . Without supersymmetry we would have a conformal invariant
measure such that d3X → λ3d3X . When gauging the extra degree of freedom in
GL(2)/SL(2) we consider that the measure is multiplied by a function such that this
extra charge vanishes. We should further note that for N = 3 supersymmetries the
measure is exactly invariant under GL(2) transformations.
This superconformal measure can be written in terms of (x, θ) variables by gaug-
ing λA = (1, 0) and λB = (0, 1). If we restrict to the bosonic case for simplicity and
we set ZA = (1, 0, µA) and ZB = (0, 1, µB) then we can remove the group GL(2) and
we are left with
d2µAd
2µBδ(µA,2 − µB,1). (3.37)
8If we insist on using kinematics where the coordinates of the Wilson loop vertices are real,
then some of the λi have to be imaginary. So in some cases τ goes from zero to infinity along the
imaginary axis.
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In this gauge the µ components are given by µA = (x11, x12) and µB = (x21, x22) and
the constraint imposes the symmetry of the matrix x. Therefore,
d3x =
d4zAd
4zB
vol(GL(2))
δ(zA · z¯B), (3.38)
where we have denoted by lowercase letters the bosonic components of the super-
twistors Z. We have also computed the normalization factor of the twistorial mea-
sure.
4 Super-Wilson loops
Let us now define the super-Wilson loops and show that they are classically invariant
under superconformal transformations.
In order to define the polygonal super-Wilson loop we need a choice of contour
and a connection. The superspace connection is given by A = eB · AB + eF · AF ,
where eB, eF are the bosonic and the fermionic vielbeine and AB, AF are the bosonic
and fermionic connection. This connection A transforms nicely under super-gauge
transformations.
The contour can be described by giving a sequence of light-like lines which in-
tersect pairwise. As we described in sec. 3, each light-like line is parametrized by a
pair of twistors (Zi, Z¯i) such that Zi · Z¯i = 0. The conditions that the neighboring
sides i and i + 1 of the polygon intersect is encoded in the constraint Zi · Z¯i+1 = 0
which also implies Zi+1 · Z¯i = 0.
However, as we also discussed in sec. 3, in space-time the right notion of light-like
line has several fermionic directions (it is “fat” in the language of refs. [21, 51]). These
fat lines intersect in points in superspace, which are the vertices of the polygonal
contour.
Since the superspace connection A is a 1-form, it needs to be integrated over a
one-dimensional curve, but which one? The answer, which was given in ref. [21], is
that, as long as the contour lies in the “fat” lines, it does not matter which contour
we choose since the gauge field is flat there. In fact, for any choice of contour a
conformal transformation will not preserve it (it only preserves the “fat” line) so in
order to show invariance under conformal transformations we have to deform the
contour to the previous one, while staying inside the “fat” line.
In the case of ABJM theory the field strength is flat on the “fat” lines, as one
can see by examining the field strengths in eqs. (2.36) (2.37) (2.38).
Given the polygonal contour C we can define the super-Wilson loop as
W =
〈
trP exp
(∫
C
A
)〉
. (4.1)
Recall that the gauge connection A lives in the (Ad, 1)⊕ (1,Ad) of U(N)×U(M).
Then, the trace above is taken in the N ⊕M representation. However, this is not
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the only option; one could instead consider the supertrace (see the discussions in
refs. [52–58]).
We will restrict to the planar limit, where N → ∞, M → ∞, k → ∞ such
that the ratios N
k
and M
k
are constant. From our definition of the super-Wilson loop
it follows that the U(N) and the U(M) parts do not mix. More explicitly, at the
leading order in N and M all the Feynman graphs attach either to the U(N) or to
the U(M) part of the super-Wilson loop. Since there are always two possibilities for
the color factors and since they are very simple, we will not write them out explicitly.
Notice that the θ expansion of the connections in eqs. (2.34) (2.35) contains
composite fields, i.e. products of local fields at the same space-time point. Such
products are singular in the quantum theory and need to be normal-ordered. In fact,
each light-like side needs to be normal-ordered since any contraction between fields
on each side is singular. We will not attempt to give a prescription for how to do
this.
The fact that at leading order in the color factors the U(N) and U(M) factors do
not mix is not a satisfactory feature. One can introduce mixing in several ways. For
example, we can insert bifundamental fields at the vertices. Another way, inspired by
the construction (see ref. [55]) of the 1
2
-BPS Wilson loop in ABJM theory, is to use a
super-connection9 in the sense that the gauge part is a (N |M)×(N |M) supermatrix.
A natural question is whether the supersymmetric Wilson loop we construct
in this paper is dual to scattering amplitudes. The answer is negative for several
reasons. First, the symmetries do not match; the scattering amplitudes only preserve
an SU(3)×U(1) out of the SO(6) R-symmetry, while the supersymmetric Wilson loop
we construct preserves the full SO(6) symmetry. Second, the supersymmetric Wilson
loop can be constructed for any number of sides while scattering amplitudes only exist
for an even number of external particles. This can be cured by introducing operators
transforming in bi-fundamental representations at the vertices of the Wilson loop.
These operators can also naturally break the symmetry SO(6) → SU(3) × U(1).
The third reason why a duality with scattering amplitudes is not possible for the
supersymmetric Wilson loops we study in this paper is the non-chiral nature of the
N = 6 superspace. The analog problem for N = 4 super-Yang-Mills was studied in
ref. [21, 51]. There it was shown that the superspace torsion prevents an identification
between the kinematics of supersymmetric Wilson loops and scattering amplitudes,
since it is not possible to define supersymmetric intervals that are both null and sum
to zero. Chiral superspace is torsionless and there this obstruction disappears.
9This idea arose in conversations with Niklas Beisert.
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ρi
i+ 1
τ
j
j + 1
Figure 1: The lowest order contribution in the coupling to the χi+1 · χ˜j+1 coeffi-
cient of the super-Wilson loop. The fermion propagators are solid lines while scalar
propagators are dashed lines.
5 Some perturbative computations
What is the θ dependence of the supersymmetric Wilson loop? At the lowest order
we need to compute a correlation between the terms inside Aαβ which are linear in θ.
We therefore need to compute correlation functions of type 〈ψ(x)φ¯(x)φ(y)ψ¯(y)〉 =
〈ψ(x)ψ¯(y)〉〈φ¯(x)φ(y)〉.
If we drop the color dependence the two-point functions for the scalars and
fermions are
〈φ¯I(x)φJ(y)〉 = − 1
4π
δJI
1
|x− y| , (5.1)
〈ψαJ (x)ψ¯Iβ(y)〉 = −
1
8π
δIJ
(x− y)αβ
|x− y|3 . (5.2)
Due to the normalization trT aT b = −1
2
δab of the gauge algebra generators, the color
contribution can be obtained by multiplying by −2 for each propagator and by N
for every loop transforming in the fundamental of U(N) and by M for every loop
transforming in the fundamental of U(M).
We have several types of contributions: between the bilinear transforming in the
adjoint of U(N) and itself, subleading contributions between the bilinears transform-
ing in the adjoint of U(N) with U(M), etc. Only the color structures are different
between the leading color contributions. We will focus on the dependence on the odd
variables.
When restricted to the light-like segment between points labeled by i and i+ 1
the terms in the superconnection which are linear in θ contribute (see fig. 1)
− i
4g
dτλβi+1λ
γ
i+1
(
θIJβ (τ)ψIγ(τ)φ¯J(τ) + θ¯IJβ(τ)φ
I(τ)ψJγ (τ)
)
=
= −idτ
4g
(
χIJi+1λ
γ
i+1ψIγ(τ)φ¯J(τ) + χ˜i+1,IJφ
I(τ)ψ¯γ(τ)λ
γ
i+1
)
, (5.3)
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where θi(τ) = (1− τ)θi + τθi+1 and φ(τ) = φ((1− τ)xi + τxi+1), etc.
If we compute the correlation between the parts linear in θ on the sides (i, i+1)
and (j, j + 1), where the side (j, j + 1) is parametrized by σ, we find
− 1
(16πg)2
(χi+1 · χ˜j+1)(zi+1 · z˜j+1)
(((1− τ)xi + τxi+1 − (1− σ)xj − σxj+1)2)2 , (5.4)
where we have denoted by zi the bosonic components of the supertwistor Zi.
We further need to integrate this over τ and σ from 0 to 1. The integral is easy
to do, and we finally get10
1
(16πg)2
(χi+1 · χ˜j+1)
zi+1 · z˜j+1 ln
(
x2i,j+1x
2
i+1,j
x2ijx
2
i+1,j+1
)
, (5.5)
where we have used the identity (zi+1 · z˜j+1)2 = x2ijx2i+1,j+1 − x2i,j+1x2i+1,j.
This answer is a component of the expansion of the n-sided light-like super-
symmetric Wilson loop W(Z1, . . . , Zn). Superconformal invariance dictates that W
should depend11 only on terms like Zi · Z¯j and terms of type χi · χ˜j can only originate
from Zi · Z¯j terms. Therefore, the coefficient of χi · χ˜j can be written as
Coefficient of χi · χ˜j in W = ∂W
∂Zi · Z¯j
∣∣∣∣
χ=0
. (5.6)
Using the result computed above we find that
dW|χ=0 ∝
1
(16πg)2
ln
(
x2i,j+1x
2
i+1,j
x2ijx
2
i+1,j+1
)
d ln(zi+1 · z˜j+1). (5.7)
The proportionality factor is there because we have not included the color factors.
This result can be thought as a differential equation which can be integrated in terms
of dilogarithms.12
Up to coupling factors this result is exactly the same13 as for 1-loop Wilson loop
in N = 4 super-Yang-Mills, but here it appears at two loops. The first computation
of this answer in ABJM theory was done in ref. [59]. Our derivation of the same
result is simpler.
10This result holds if i and j are not neighbors, i.e. i 6= j, j ± 1. If they are neighbors, then the
integrand is exactly zero. This is unlike in the case of the N = 4 super-Yang-Mills super-Wilson
loop, where such contributions are UV-divergent.
11The terms of type zi · z˜j are not all independent. They are related by Pfaffian constraints,
which are the analog of Gram determinant constraints for an antisymmetric “metric”. As an
example of constraint, consider six bosonic twistors zi, i = 1, . . . , 6 and form the antisymmetric
matrix M = (zi · z˜j)i,j=1,...,6. Then, pfM = 0 which imposes cubic constraints on the products
zi · z˜j.
12Of course, this method will not reproduce an additive constant. The constant can be obtained
by using the properties of the Wilson loop under different degenerations.
13This form can be found for example in ref. [51, eqs. 6.12,6.13]
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ρi
i+ 1
τ
j
j + 1
Figure 2: The two-scalar exchange contribution to the super-Wilson loop. It is of
order four in the θ expansion.
We see that we have a mixing between contributions of different complexities
but whose dependence on the coupling constant is the same. For example, two-loop
diagrams with gauge fields and diagrams with matter fields which are of the same
complexity as one loop, contribute at the same order in perturbation theory and are
related by supersymmetry.
Let us now discuss the answer we obtain from the correlation functions involving
scalar bilinears (see fig. 2). The relevant terms we are interested in appear in the
odd part of the connection and read
− i
g
eKLβF θ¯MKβ
(
φM φ¯L − 1
4
δML φ
P φ¯P
)
, (5.8)
where eF is the fermionic vielbein e
KLβ
F = dθ
KLβ. If we restrict this to a light-like line
between points (xi, θi) and (xi+1, θi+1), with parametrization θ(τ) = θi+ τ(θi+1−θi),
we obtain eKLβF = −dτλβi+1ηLNi+1. When dotted into θ¯(τ) the factor λi+1 makes the
dependence on τ disappear and we are left with
dτ θ¯i,MKβλ
β
i+1η
KL
i+1 = dτχ˜i+1,MKη
KL
i+1. (5.9)
Now we take two sides between vertices (i, i+1) and (j, j +1) and compute the
correlation function between the bosonic bilinears. The position on the first line is
parametrized by τ and on the second line by σ. If we label the position at which the
fields are evaluated by τ and σ we find
dτχ˜i+1,MKη
KN
i+1 dσχ˜j+1,PLη
LQ
i+1
δMQ δ
P
N − 14δNMδQP
(x(τ)− x(σ))2 . (5.10)
The η can be expanded in terms of χ so everything can be written in terms of twistor
components.
This formula produces an unusual contraction pattern of the SU(4) indices
χ˜i+1,MKη
KN
i+1 χ˜j+1,NLη
LM
i+1 . Superconformal invariants are built out of products Zi · Z¯j
whose nilpotent part is χi,MN χ˜
MN
j . At first sight it looks like the combination above
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can not be written in this form. Nevertheless, we will show that it is possible to
rewrite it in such a form. For this we consider two Grassmann variables ψMN , χPQ
which are antisymmetric in the exchange M ↔ N and P ↔ Q. Then, we have the
following identity
ψMNχPQ − ψMPχNQ + ψMQχNP + ψNPχMQ−
ψNQχMP + ψPQχMN =
1
4
ǫMNPQǫ
RSTUψRSχTU . (5.11)
This identity can be proved by noticing that the left-hand side is completely anti-
symmetric inMNPQ and therefore it is proportional to ǫMNPQ. The proportionality
constant can be obtained by contracting with ǫMNPQ.
Using this identity we can show that, given two other Grassmann variables A
and B which are also antisymmetric in their two SU(4) indices, we have
(ψAχB)− (ψB)(Aχ)− (ψA)(χB) = −(ψχ)(AB), (5.12)
where ψAχB = ψIJA
JKχKLB
LI and, as always, we normalize the index contractions
such that ψA = 1
2
ψIJA
IJ . This formula allows us to rewrite the final answer in
terms of objects whose origin is more clear from the point of view of superconformal
symmetry.
6 Perturbative expansion vs. Grassmann expansion
We now want to understand how to compute the perturbative order of a given planar
diagram contributing to the expectation value of a Wilson loop. In particular, we
would like to relate the perturbative order with the topology of the diagram.
The most convenient way to explicit this relation is by rescaling the matter
fields by a factor of
√
g. This way, all the interaction vertices contribute a factor
of g and all propagators a factor of g−1. Most importantly, with this rescaling the
superconnection does not contribute any power of g, since this rescaling cancels the
g−1 dependence in the Grassmann expansion. The perturbative order j associated
with a given graph is then easily expressed in terms of the total number of propagators
P and interaction vertices Vint as
j = Vint − P (6.1)
We are interested in polygonal Wilson loops in the planar limit, thus homotopic
to a disk. The Euler characteristic is 1, therefore the total number of vertices V , of
edges E and of faces F satisfy
V − E + F = 1 (6.2)
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❍
❍
❍
❍
❍
❍❍
g#
θ#
0 1 2 3 4 5
0 0 a 0 0 0 0
−1 0 φ2 φψ ∇φ2, ψ2 ∇φψ ∇2φ2, ∇ψ2
−2 0 0 0 φ4 φ3ψ ∇φ4
−3 0 0 0 0 0 φ6, φ2ψ2
Table 1: The interplay between the θ expansion and the expansion in the coupling
for the fermionic gauge connection.
❍
❍
❍
❍
❍
❍❍
g#
θ#
0 1 2 3 4 5
0 a 0 0 0 0 0
−1 0 φψ ∇φ2, ψ2 ∇φψ ∇2φ2, ∇ψ2 ∇2φψ
−2 0 0 φ4 φ3ψ φ2ψ2, ∇φ4 ∇φ3ψ, φψ3
−3 0 0 0 0 φ6, φ2ψ2 ψφ5
Table 2: The interplay between the θ expansion and the expansion in the coupling
for the bosonic gauge connection.
The total number of vertices is given by the number of interaction vertices plus the
number of operator insertions on the boundary, V = Vint+V∂. Similarly, the number
of edges is equal to the number of propagators plus the number of segments in which
the boundary is partitioned by the insertions, E = P + E∂ . Obviously, V∂ = E∂,
therefore the Euler characteristic equation becomes
Vint − P = 1− F (6.3)
In the right hand side one can recognize the perturbative order j. Therefore, given
a graph with F faces, it contributes at order g1−F .
The θ expansion of the gauge connections can be done explicitly to arbitrarily
high order. Here we only want to comment on some of the qualitative features of this
expansion. We have that a term of schematic form ∇kφlψm ∈ AF with l +m even
and l +m ≥ 2 contributes to orders θ2k+l+2m−1 and g−(l+m)/2. Terms of schematic
type ∇nφpψq ∈ AB with p + q even and p + q ≥ 2 contribute to orders θ2n+p+2q−2
and g−(p+q)/2. The types of fields resulting from this double expansion are listed in
tables 1 2.
7 A peek at three loops
Let us now consider the three-loop, i.e. g−3 contributions to the super-Wilson loop.
Among these contributions, we can look at terms with Grassmann weight zero, two,
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σi
i+ 1
τ
j
j + 1
Figure 3: The diagrams contributing to order g−3 and to Grassmann weight two.
four, etc. We will see that the complexity of the computation decreases as we increase
the Grassmann weight. For example, in fig. 3 we show the diagrams which contribute
to the Grassmann weight two part and in fig 4 we show the diagram which contribute
to the Grassmann weight four part. Needless to say, the Grassmann order zero part
is a sum of many more diagrams.
For the contribution of the diagram in fig. 4 we obtain after a fermionic rear-
rangement as in eq. (5.12) and partial translation to twistor language
zj+1 · z˜k+1
2(16πg)3
∫ 1
0
dρ
∫ 1
0
dτ
∫ 1
0
dσ
(χi+1 · χ˜j+1)(ηi+1 · χ˜k+1)− (j ↔ k)
|xi(ρ)− xj(τ)||xi(ρ)− xk(σ)||xj(τ)− xk(σ)|3 , (7.1)
where xi(ρ) = (1− ρ)xi + ρxi+1, etc.
Using the expression for ηi+1 we see that this result contains several types of
quartic terms in χ. The terms of type (χi+1·χ˜j+1)(χi+1·χ˜k+1) cancel by antisymmetry
in variables j and k. Up to symmetries, the only other type of entry is (χi ·χ˜j+1)(χi+1 ·
χ˜k+1). It appears in a combination
zj+1 · z˜k+1
2(16πg)3〈ii+ 1〉(χi · χ˜j+1)(χi+1 · χ˜k+1)
∫ 1
0
dρ
∫ 1
0
dτ
∫ 1
0
dσ
1
|xj(τ)− xk(σ)|3×(
1
|xi−1(ρ)− xj(σ)||xi−1(ρ)− xk(τ)| −
1
|xi(ρ)− xj(σ)||xi(ρ)− xk(τ)|
)
. (7.2)
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ρi
i+ 1
τ
j
j + 1
σk k + 1
Figure 4: A diagram contributing to order g−3 and to Grassmann weight four.
There are some other possibilities involving two scalar exchanges interacting with
photons which can be obtained by replacing the fermion line in fig. 3 by a scalar
line. However, if the i, j and k sides of the Wilson loop are separated by one or
more sides, such diagrams do not contribute the same kind of Grassmannian quartic
terms.
The integrals above are of the form∫ 1
0
dρ
∫ 1
0
dτ
∫ 1
0
dσP1(τ, ρ)
−1/2P2(ρ, σ)
−1/2P3(σ, τ)
−3/2, (7.3)
where Pi(x, y) = Aixy +Bix+ Ciy +Di and Ai, Bi, Ci, Di are some constants. Two
of these integrals can be performed using the formulas∫ 1
0
dt√
(mt + n)(pt+ q)3
= − 2
np−mq
(√
m+ n√
p+ q
−
√
n√
q
)
, (7.4)
∫ 1
0
dt√
at + b(ct + d)
√
et + f
=
1√
(ad− bc)(de− cf)
[
ln(1 +
c
d
)− (7.5)
2 ln
(√ad− bc√e+ f −√de− cf√a + b√
ad− bc√f −√de− cf√b
)]
. (7.6)
At this stage, it appears unlikely that the third integral in eq. (7.3) can be computed
in terms of classical polylogarithms.
In general, when integrating expressions of type
∫
dtR(t) lnS(t) where R and
S are rational fractions in t the result can be expressed in terms of dilogarithms.
However, here we have more complicated expressions due to the presence of square
roots.
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It is noteworthy that when performing the integrals as described above we obtain
the square root of a cubic polynomial in the last integration step. Is this a hint
that the result is an elliptic polylogarithm? For arbitrary values of Ai, Bi, Ci, Di
this cubic polynomial is generic, but for six points xi, xi+1, xj, xj+1, xk, xk+1 there
is a Gram determinant constraint which imposes a constraint among the 12 values
Ai, Bi, Ci, Di. It is curious that when this constraint is satisfied the cubic polynomial
mentioned above factorizes into a linear polynomial and the square of another linear
polynomial.
Another way to understand this constraint is to think more deeply about the
geometry of the problem. We have three lines containing points (xi, xi+1), (xj , xj+1)
and (xk, xk+1) respectively. Let us now find the transversals, i.e. the light-like lines
intersecting all of three lines (an analogous problem in 4D was considered in refs. [60,
61]). To find a light-like line intersecting lines (xi, xi+1), (xj , xj+1) and (xk, xk+1) we
pick a point on each one of them with parameter ρ, σ and τ respectively. Then, the
light-like conditions read P1(τ, ρ) = 0, P2(ρ, σ) = 0 and P3(σ, τ) = 0. The first two
equations are linear in τ and σ so we can trivially solve for them and plug back in
the third. We obtain a degree two polynomial whose discriminant is zero since it is
equal to the Gram determinant constraint for six points in three dimensions.
Therefore, in three dimensions, there is a unique (with multiplicity two) light-
like line intersecting any three non-intersecting light-like lines. If we denote by ρ∗, σ∗
and τ∗ the parameters of the intersection points and perform a change of variables
r = ρ − ρ∗, s = σ − σ∗ and t = τ − τ∗ and we also rescale the polynomials Pi such
as to make the leading coefficient equal to unity, then we reduce the problem to
performing the integral∫ 1−ρ∗
−ρ∗
dr
∫ 1−σ∗
−σ∗
ds
∫ 1−τ∗
−τ∗
dtQ1(t, r)
−1/2Q2(r, s)
−1/2Q3(s, t)
−3/2, (7.7)
where Qi(x, y) = xy + bix+ ciy and such that b1b2b3 + c1c2c3 = 0.
The integral in eq. (7.3) can be transformed by using the star-triangle identitites
(see ref. [62]). The triangle in eq. (7.3) is a semi-unique triangle in the language of
this reference. It can be computed in terms of triangles with exponents 3
2
, 3
2
,−1
2
and
of stars with exponents 2, 1, 1. The triangles with those exponents can be computed
in terms of dilogarithms. In the star integral all of the fractional powers disappear,
and the integrals over ρ, τ and σ factorize and can be computed straightforwardly;
however, the remaining integrals over the vertex of the star involve the square of a
logarithm times a rational function. These integrals seem to be just as complicated
as the original ones.
It is also worth mentioning that the integral in eq. (7.3) simplifies at low number
of points, even though it remains still quite complicated. At low number of points, it
is possible to translate some of the vertices to θ = 0; due to this fact, supersymmetry
is more powerful at higher number of points, therefore we focus on these cases.
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We can try to compute the integral in fig. 4 in special kinematics. For example, if
the sides (i, i+1), (j, j+1) and (k, k+1) of the Wilson loop belong to the same two-
dimensional plane the kinematics simplifies enough to allow an explicit evaluation
of the integral and the answer is rational. This is not in contradiction with the
fact that the g−3 part of the answer is of transcendentality three. Indeed, consider
the dilogarithm Li2(x) whose derivative is − ln(1−x)x , whose limit is equal to 1 when
evaluated at x = 0. Another example which is closer to the one we are considering
here is to take two derivatives and one limit. If we do this for Li3(x) and we compute
the limit x→ 0 we again obtain a rational answer.
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